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Abstract
The Schwarz lemma and Bloch constants for planar bounded harmonic mappings are considered. Sharper
form and better estimates are obtained. Our results improve the one made by Dorff and Nowak as well as
by Chen, Gauthier and Hengartner.
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1. Introduction
It is well known that a bounded holomorphic function f , |f (z)| < M , on the unit disk D = {z |
|z| < 1} with f (0) = 0, f ′(0) = 1 is univalent in the disk |z| < ρ0 and f (|z| < ρ0) contains a disk
|w| < R0 with ρ0 = 1
M+
√
M2−1 and R0 = Mρ
2
0 . This result is known as Laudau’s theorem [1].
Bloch’s theorem asserts the existence of a positive constant b such that if f is a holomorphic
function in D with f ′(0) = 1, then f (D) contains a schlicht disk (the image of some subregion
of D on which f is univalent) of radius b. The supremum of all such constants b is called the
Bloch constant [2]. For harmonic mappings in D, under suitable restriction, results similar to the
Bloch and Laudau theorems can be obtained, as it is proved in [3,4], however, these results are
not sharp. In this paper, we give some better results for these theorems.
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harmonic if f (z) satisfies f = 4fzz¯ = ∂2f∂x2 + ∂
2f
∂y2
= 0, where we use the common notations for
its formal derivatives:
fz = 12 (fx − ify), fz¯ =
1
2
(fx + ify).
For such f , define
Λf = max
0θ2π
∣∣fz + e−2iθ fz¯∣∣= |fz| + |fz¯|
and
λf = min
0θ2π
∣∣fz + e−2iθ fz¯∣∣= ∣∣|fz| − |fz¯|∣∣.
The Jacobian of f (z) is given by
Jf = |fz|2 − |fz¯|2.
It is known [5] that a harmonic mapping f is locally univalent if and only if its Jacobian Jf
does not vanish anywhere. Since D is simply connected, f can be written as f = h + g, where
h and g are holomorphic on D.
The following Schwarz lemma for harmonic mapping was proved in [3].
Theorem A (Schwarz lemma). Let f be a harmonic mapping of the unit disk D such that f (0) =
0 and f (D) ⊂ D. Then
Λf (0)
4
π
, (1.1)
Λf (z)
8
π(1 − |z|2) for z ∈ D, (1.2)∣∣f (z)∣∣ 4
π
arctan|z| 4
π
|z| for z ∈ D. (1.3)
For r > 0 let Dr denote the disk with center at the origin and radius r . Using Theorem A, the
following two theorems were also proved in [3].
Theorem B. Let f be a harmonic mapping of the unit disk D such that f (0) = 0, Jf (0) = 1 and
|f (z)|M for z ∈ D. Then f is univalent on a disk Dρ0 with
ρ0 = π
3
64mM2
and f (Dρ0) contains a schlicht disk Dσ0 with
σ0 = π8Mρ0 =
π4
512mM3
,
where m ≈ 6.85 is the minimum of the function (3−r2)
r(1−r2) for 0 < r < 1.
Theorem C. Let f be a harmonic mapping of the unit disk D such that f (0) = 0, λf (0) = 1 and
Λf (z)Λ for z ∈ D. Then f is univalent on a disk Dρ1 with
ρ1 = π4(1 + Λ)
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σ1 = π8(1 + Λ).
In [4], Dorff and Nowak improved Theorem B as follows:
Theorem D. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
Jf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dr1 with
r1 = π
3
4
√
2(π2 + 64M2)
and f (Dr1) contains a schlicht disk DR1 with
R1 = π
4
32
√
2M(π2 + 64M2) .
Using the coefficient estimates for bounded functions, Dorff and Nowak proved the following
results in [4].
Theorem E. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
Jf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dζ1 with
ζ1 = 1 − 4M√
π + 16M2
and f (Dζ1) contains a schlicht disk Dη1 with
η1 = π4M + 8M − 8M
√
1 + π
162M2
.
In this paper we prove a sharper form of the Schwarz lemma for harmonic mappings and give
slightly better results than those of Theorem D. Another version proved by coefficient estimates
is given in Section 3, which improves the results in Theorem E.
2. Main results
First we will improve Theorem A as follows:
Theorem 1. Let f be a harmonic mapping of the unit disk D such that f (0) = 0 and f (D) ⊂ D.
Then the inequality
Λf (z)
4(1 + |f (z)|)
π(1 − |z|2) for z ∈ D (2.1)
holds and is sharp. The extremal harmonic mapping h(z) = 2
π
arctan 2y1−x2−y2 yields equality.
Proof. If f (z) satisfies the conditions of Theorem 1, for any fixed z0 ∈ D set
F(z) = f (
z+z0
1+z¯0z ) − f (z0)
1 + |f (z0)| ,
then F(z) is a harmonic mapping of the unit disk D and F(0) = 0,F (D) ⊂ D.
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Fz = 11 + |f (z0)|fζ
(
z + z0
1 + z¯0z
)
1 − |z0|2
(1 + z¯0z)2 ,
Fz¯ = 11 + |f (z0)|fζ¯
(
z + z0
1 + z¯0z
)
1 − |z0|2
(1 + z0z¯)2 ,
where ζ = z+z01+z¯0z . By (1.1), we obtain
Λf (z0) = 1 + |f (z0)|1 − |z0|2
(∣∣Fz(0)∣∣+ ∣∣Fz¯(0)∣∣) 4(1 + |f (z0)|)
π(1 − |z0|2) .
Thus (2.1) is proved. It is very easy to show that h(x, y) = 2
π
arctan 2y1−x2−y2 is harmonic in the
unit disk D, and satisfies the conditions of Theorem 1. By calculation, we have
∣∣hz(x,0)∣∣+ ∣∣hz¯(x,0)∣∣= 4
π(1 − x2) , h(x,0) = 0 for any −1 < x < 1,
thus (2.1) is sharp. We mention that the extremal function h is also the one that gives equality
in (1.3).
Theorem 1 is proved. 
Using Theorems 1 and C, we can improve Theorem D as follows:
Theorem 2. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
Jf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dr2 with
r2 = max
0<ρ<1
ρπ
4(1 + 16M2
π2
(1+ 4
π
arctanρ)
1−ρ2 )
and f (Dr2) contains a schlicht disk DR2 with
R2 = max
0<ρ<1
ρπ2
32M(1 + 16M2
π2
(1+ 4
π
arctanρ)
1−ρ2 )
.
In particular, f (z) is univalent in |z| < r3 = π34√2(π2+32M2(1+ 4
π
arctan 1√
2
))
, and f (Dr3) contains a
schlicht disk |w| < π4
32
√
2M(π2+32M2(1+ 4
π
arctan 1√
2
))
.
Proof. Assume that f (z) satisfies the conditions of Theorem 2, let
F(z) = f (ρz)
ρλf (0)
, z ∈ D, 0 < ρ < 1,
then F(z) is a harmonic mapping of the unit disk D and λF (0) = 1. We see that
ΛF (z) = Λf (ρz)
λf (0)
,
by Theorem A, and the condition that Jf (0) = 1, then
1
λ (0)
= Λf (0) 4M
π
.f
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Λf (ρz)
4M
π
(1 + 4
π
arctanρz)
1 − |ρz|2 
4M
π
(1 + 4
π
arctanρ)
1 − ρ2 ,
thus,
ΛF (z) = Λf (ρz)
λf (0)
 16M
2
π2
(1 + 4
π
arctanρ)
1 − ρ2 .
By Theorem C, we see that F(z) is univalent in Dρ2 with ρ2 = π
4(1+ 16M2
π2
(1+ 4π arctanρ)
1−ρ2 )
, and
F(|z| < ρ2) contains a schlicht disk |w| < π
8(1+ 16M2
π2
(1+ 4π arctanρ)
1−ρ2 )
, hence, f (z) is univalent in Dr2
with
r2 = max
0<ρ<1
ρπ
4(1 + 16M2
π2
(1+ 4
π
arctanρ)
1−ρ2 )
and f (Dr2) contains a schlicht disk DR2 with
R2 = max
0<ρ<1
ρπ2
32M(1 + 16M2
π2
(1+ 4
π
arctanρ)
1−ρ2 )
.
Taking ρ = 1√
2
, f (z) is univalent in Dr3 with r3 = π
3
4
√
2(π2+32M2(1+ 4
π
arctan 1√
2
))
, and f (Dr3) con-
tains a schlicht disk |w| < π4
32
√
2M(π2+32M2(1+ 4
π
arctan 1√
2
))
.
The theorem is proved. 
In the same way the following result can be proved.
Theorem 3. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
λf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dr4 with
r4 = max
0<ρ<1
ρπ
4(1 + 4M
π
(1+ 4
π
arctanρ)
1−ρ2 )
and f (Dr4) contains a schlicht disk DR4 with
R4 = max
0<ρ<1
ρπ
8(1 + 4M
π
(1+ 4
π
arctanρ)
1−ρ2 )
.
In particular, f (z) is univalent in |z| < r5 = π24√2(π+8M(1+ 4
π
arctan 1√
2
))
, and f (Dr5) contains a
schlicht disk |w| < π2
8
√
2(π+8M(1+ 4
π
arctan 1√
2
))
.
Theorem 4. Assume that f = h + g is a harmonic mapping of the unit disk D with h(z) =∑∞
n=1 anzn, g(z) =
∑∞
n=1 bnzn and |f (z)|M for z ∈ D. Then
|an|, |bn|M, n = 1,2, . . . .
Above estimates are sharp, the extremal functions f0(z) = Mzn and f1(z) = Mz¯n yield their
equalities.
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an = 12πi
∮
|ζ |=r
h(ζ )
ζ n+1
dζ for any r < 1,
and
0 = 1
2πi
∮
|ζ |=r
g(ζ )
ζ n+1
dζ for any r < 1,
by hypothesis that |f (z)|M , then
|an| =
∣∣∣∣ 12πi
∮
|ζ |=r
h(ζ ) + g(ζ )
ζ n+1
dζ
∣∣∣∣ Mrn , n = 1,2, . . . .
Fixing n and making r → 1 we have
|an|M, n = 1,2, . . . .
Quite similarly,
|bn| =
∣∣∣∣ 12πi
∮
|ζ |=r
h(ζ ) + g(ζ )
ζ n+1
dζ
∣∣∣∣ Mrn , n = 1,2, . . . ,
so we obtain that
|bn|M, n = 1,2, . . . .
Clearly equality holds for the functions f0(z) = Mzn and f1(z) = Mz¯n.
Theorem 4 is proved. 
Next we will prove the following
Theorem 5. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
Jf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dr6 with
r6 = 1 − 2
√
2M√
π + 8M2
and f (Dr6) contains a schlicht disk DR6 with
R6 = π4M + 4M −
√
2π + 16M2.
Proof. If f = h+ g¯ satisfies the conditions of Theorem 5, where h(z) =∑∞n=1 anzn and g(z) =∑∞
n=1 bnzn are analytic in D, we see that
|a1| − |b1| = λf (0) = Jf (0)
Λf (0)
 π
4M
.
To prove the univalence of f (z) in Dr6 , we adopt the method used in [4]. For z1 	= z2 in Dr6 we
have
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∣∣∣∣
∫
[z1,z2]
fz(z) dz + fz¯(z) dz¯
∣∣∣∣=
∣∣∣∣
∫
[z1,z2]
h′(z) dz + g′(z) dz¯
∣∣∣∣
 λf (0)|z1 − z2| −
∣∣∣∣
∫
[z1,z2]
(
h′(z) − h′(0))dz + (g′(z) − g′(0) )dz¯
∣∣∣∣
 π
4M
|z1 − z2| − |z1 − z2|
∑
n2
(|an| + |bn|)nrn−1.
Using Theorem 4, we have∣∣f (z1) − f (z2)∣∣ π4M |z1 − z2| − 2M|z1 − z2|
∑
n2
nrn−1
= π
4M
|z1 − z2| − 2M|z1 − z2| 2r − r
2
(1 − r)2 .
Let r6 be the solution of the equation
π
4M
= 2M 2r − r
2
(1 − r)2 .
We obtain that
r6 = 1 − 2
√
2M√
π + 8M2
and we see that if 0 < r < r6, then
π
4M
> 2M
2r − r2
(1 − r)2 .
This shows that f (z1) 	= f (z2), if z1 	= z2 ∈ Dr6 .
By the condition f (0) = 0, for any z′ = r6eiθ ∈ ∂Dr6 , we have
∣∣f (z′)∣∣ |a1z′ + b¯1z¯′| −
∣∣∣∣∣
∞∑
n=2
anz
′n + b¯nz¯′n
∣∣∣∣∣
π
4M
r6 − 2M r
2
6
1 − r6 = R6,
where
R6 = π4M + 4M −
√
2π + 16M2.
The proof of Theorem 5 is finished. 
The following theorem can be proved similarly.
Theorem 6. Assume that f is a harmonic mapping of the unit disk D such that f (0) = 0,
λf (0) = 1 and |f (z)|M for z ∈ D. Then f is univalent on a disk Dr7 with
r7 = 1 − 1√
1 + 12M
and f (Dr7) contains a schlicht disk DR7 with
R7 = 4M + 1 − 4M
√
1 + 1
2M
.
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